We investigate the flow of a micropolar fluid between radial stretching sheets. The magnetohydrodynamic (MHD) nonlinear problem is treated using the homotopy analysis method (HAM) and the velocity profiles are predicted for the pertinent parameters. The values of skin friction and couple shear stress coefficients are obtained for various values of Reynolds number, Hartman number, and micropolar fluid parameter.
Introduction
It is now accepted that most of the fluids in industry and engineering are non-Newtonian in nature. Particularly, such fluids are prominent in plastic manufacture, lubrications, applications of paints, in extrusion of crude oil from petroleum products, performance of glues and inks, processing of food, movement of biological fluids etc. The classical NavierStokes equations do not describe the flow properties of such fluids. Mostly, these fluids have nonlinear constitutive equations. The corresponding equations of nonNewtonian fluids are very complicated in comparison to the Navier-Stokes equations. In fact, the additional rheological parameters appearing in the constitutive equations add interesting complexities in the governing equations. In general, the governing equations of non-Newtonian fluids are of higher order [1 -3] and subtle in comparison to the Navier-Stokes equations. The rheological parameters in the constitutive equations present interesting challenges to the numerical simulists and mathematicians. In view of such difficulties and the practical and fundamental association of non-Newtonian fluids to industrial problems, several researchers [4 -15] studied the flow of nonNewtonian fluids in various geometrical configurations.
It is now known that unlike viscous fluids, the non-Newtonian fluids cannot be explained by a sin-0932-0784 / 11 / 0100-0053 $ 06.00 c 2011 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com gle constitutive equation. Therefore many models of non-Newtonian fluids are proposed in the literature. Amongst these models there is a theory of micropolar fluids proposed by Eringen [16] . This theory shows microrotation effects as well as microinertia and has great potential to discuss the flow of colloidal fluids, liquids crystal, polymeric suspension, and animal blood. The theory of micropolar fluids is quite popular amongst the researchers, and extensive work is available in the literature by using the constitutive equations of micropolar fluids. Various applications in this direction have been presented [17 -25] . Recently, the stretching flows have received considerable attention of the researchers. This is due to their demands in aerodynamic extrusion of plastic sheets, cooling of an infinite plate in a cooling bath, liquid film in condensation process, continuous filament extrusion from a dye, the fluid dynamic of a long thread travelling between a feed roll and wind-up roll etc. Many investigations regarding stretching flows of micropolar fluid have been discussed. For instance, Takhar et al. [25] computed a finite element solution for the flow of a micropolar fluid between two porous disks. Khedr et al. [26] studied the MHD flow of a micropolar fluid past a stretched permeable surface with heat generation or absorption. Ishak et al. [27] analyzed mixed convection stagnation point flow of a micropolar fluid towards a stretching sheet. Mohammadein and Gorla [28] discussed the heat transfer characteristics in the flow of a micropolar fluid over a stretching sheet with viscous dissipation and internal heat generation.
Literature survey reveals that no study regarding the flow of a micropolar fluid between two stretching sheets is available. In the present work we consider the two-dimensional flow of a micropolar fluid between two sheets. The flow is engendered due to linear radial stretching of the sheets. Analytic solution is derived by using the homotopy analysis method [29 -44] . Critical assessment is made to the various pertinent flow parameters appearing in the mathematical modelling of the problem.
Formulation of the Problem
Let us consider the steady two-dimensional flow of an incompressible micropolar fluid between the radially stretching sheets at z = ±L. We denote the velocity and microrotation components (u, v, w) and (N 1 , N 2 , N 3 ) in the cylindrical coordinates system, respectively. A constant magnetic field B 0 is applied perpendicular to the plane of the sheets. The induced magnetic field is neglected under the assumption of small magnetic Reynolds number. No electric field is present. The physical model and the coordinate system are shown in Figure 1 . The microstructure associated with spin inertia is taken into account. The relevant equations are:
In above equations d/dt is the material derivative, V is the velocity field, J is the current density vector, σ is the electrical conductivity of the fluid, j is the microinertia per unit mass, Ω Ω Ω is the microrotation vector, ρ is the fluid density, µ and k are the viscosity coefficients, and α, β , γ are the gyroviscosity coefficients. Furthermore, µ, k, α, β , and γ satisfy the following conditions [16] :
The velocity and microrotation fields for the present problem are
where u and w are the velocity components along the radial (r) and axial (z) directions, respectively, and N 2 is the azimuthal component of the microrotation vector.
The resulting equations are given by
in which j = ν/a is a reference length.
The subjected boundary conditions are
The arising flow equations and boundary conditions are reduced to their dimensionless form by introducing the following variables:
where upon our problems become
where (6) is automatically satisfied. Here γ = (µ + k/2) j [24] and
respectively, are called the micropolar parameter, the Reynolds number, and the Hartman number. The skin friction coefficient C f and couple shear stress C g at z = L are defined by [25] 
where Re r (= arL/ν) denotes the local Reynold number, respectively.
Solutions by the Homotopy Analysis Method
Here f (η) and g(η) are expressed by a set of base functions
in the form
where a n and b n are the coefficients. The initial guesses and linear operators L i (i = 1, 2) are defined by the following expressions:
with C i (i = 1 -6) arbitrary constants. The subjected problems at the zeroth-order are given by
in which q ∈ [0, 1] andh i = 0 (i = 1, 2) are respectively known as the embedding and convergence control parameters such that Φ(η;0) = f 0 (η), Ψ (η;0) = g 0 (η), Φ(η;1) = f (η) and Ψ (η;1) = g(η). When q varies from 0 to 1, Φ(η; q) approaches from f 0 (η) to f (η) and Ψ (η; q) from g 0 (η) to g(η). Furthermore, the definitions of nonlinear operators N i (i = 1, 2) are
By using Taylor series we have
The deformation problems corresponding to the mth order are 
The general solutions at the mth order are
in which f * m (η) and g * m (η) are the particular solutions of (32) and (33) and the coefficients C m i (i = 1 -5) are determined by the boundary conditions given in (32) and (33) . The systems (32) and (33) are solved by employing the symbolic computation program Mathematica.
Convergence of Homotopy Solutions
It is a known fact that the convergence of solutions given by (35) and (36) depend upon the auxiliary parametersh 1 andh 2 . Hence, we display theh-curves in Figures 2a and 3a . In order to show the validity of the solutions residual errors both for f (η) and g(η) are skeched in Figures 2b and 3b. From Figures 2 and 3 it is found that the convergence region for f (η) and f (η) are −1.15 ≤h 1 ≤ −0.4 and that for g(η) is −1.1 ≤h 2 ≤ −0.6. However, the whole analysis has been performed forh 1 =h 2 = −0.7. Furthermore, Table 1 shows that convergence is achieved at 20th-order of approximations up to 12 decimal places.
Results and Discussion
In order to illustrate the dimensionless velocity components and microrotation (dimensionless angular velocity) for the emerging parameters of interest, we have plotted the Figures 4 -12 . In addition the numerical computations for skin friction coefficient and couple stress coefficient have been carried out in Table 2 . It is seen from Figure 4 that the magnitude of the dimensionless radial component f (η) of the velocity decreases by increasing the Hartman number M. This shows that the Lorentz force retards the fluid motion in radial direction and consequently the boundary layer thickness decreases. Hence, one can conclude that the boundary layer can be controlled through the magnetic field. It is observed from Figure 5 that the magnitude of the dimensionless radial component f (η) of the velocity decreases when the Reynolds number Re is increased. Upon increasing the microrotation parameter K, there is an enhancement in the magnitude of the dimensionless radial component f (η) of the velocity. The boundary layer thickness also increases (Fig. 6 ). Figure 7 depicts that the magnitude of the dimension- Re is increased. However, the magnitude of f (η) increases due to an increase in K (Fig. 9) . The effects of M, Re, and K on the dimensionless angular velocity g(η) are shown in Figures 10 -12 . Obviously, the dimensionless angular velocity g(η) decreases by increasing Hartman number M as shown in Figure 10 . It is also noticed that the dimensionless angular velocity g(η) increases because of an increase in Re and K (Figs. 11 and 12 ). The skin friction coefficient Re r C f and the couple stress coefficient Re r C g are computed in Table 2 . This demonstrates that Re r C f and Re r C g are increasing functions of M, Re, and K.
Concluding Remarks
A study of two-dimensional flow of an incompressible micropolar fluid between the radially stretching sheets is performed. Convergent series solution is derived through the homotopy analysis procedure. The interesting observations are presented below.
1. The velocity components f (η) and f (η) are decreasing functions of Re.
2. The effect of Re on f (η) and g(η) are opposite.
3. There is a decrease in magnitudes of f (η), f (η), and g(η) when M is increased.
4. The applied magnetic field provides a mechanism to control the boundary layer.
5. The skin friction coefficient Re r C f and couple stress coefficient Re r C g are increasing functions of Re, M, and K.
6. Qualitative effects of M and K on the skin friction and couple stress coefficients are similar to that of Re.
